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ABSTRACT. In this paper, we considered the problem of analytical continuation of the 
solution of the system equations of the thermoelasticity in spacious bounded domain from 
its values and values of its strains on part of the boundary of this domain, i.e., the Cauchy's 
problem. 
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1. Introduction 

In this paper, we considered the problem of analytical continuation of the solution of 
the system equations of the thermoelasticity in spacious bounded domain from its values 
and values of its strains on part of the boundary of this domain, i.e., the Cauchy's problem. 

Since, in many actual problems, either a part of the boundary is inaccessible for mea- 
surement of displacement and tensions or only some integral characteristic are available. 
In experimental study of the stress-strain state of actual constructions, we can make mea- 
surements only on the accessible part of the surface. 

In a practical investigation of experimental dates or diagnostic moving abject arise prob- 
lems of estimation concerning deformed position of the object. Solution of the problems 
by using well known classical propositions is connected to difficulties of absence of exper- 
imental dates which is necessary for formulation of boundary value (classical) conditions. 

Therefore it is necessary consider the problem of continuation for solution of elasticity 
system of equations to the domain by values of solutions and normal derivatives in the part 
of boundary of domain. 

System equation of the thermoelasticity is elliptic. Therefore the problem Cauchy for 
this system is ill-posed. For ill-posed problems, one does not prove the existence theorem: 
the existence is assumed a priori. Moreover, the solution is assumed to belong to some 
given subset of the function space, usually a compact one [1J. The uniqueness of the 
solution follows from the general Holmgren theorem [2|. On establishing uniqueness in 
the article studio of ill-posed problems, one comes across important questions concerning 
the derivation of estimates of conditional stability and the construction of regularizing 
operators. 

Our aim is to construct an approximate solution using the Carleman function method. 

Let x = x n ) and y = (y±, y n ) be points of the n-dimensional Euclidean 

space E n , D a bounded simply connected domain in E n , with piecewise-smooth boundary 
consisting of a piece £ of the plane y n = and a smooth surface S lying in the half-space 

Vn > 0. 

Suppose that n + 1-component vector function 

U(x) = (ui(x), ...,u n (x),u n+ i(x)) satisfied in D the system equations of the ther- 
moelasticity [3]: 

t 
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(1.1) 

Where 
moreover 



B(d x ,u)U(x) = 0. 
B(d x ,u) = \\B k j{d x ,uj)\\ (n+1)xin+1) , 



B kj (d x ,uj) = Skj(pA + pw 2 ) + (A + /z) 



d 2 



dxkdxj 



k,j = 1, ...,n, 



dx 



(n+l) 

d 



-, k = 1, n, 



•B(„ + i)j(5 x ,tj) = *wr/— , j = l,...,n, 

S(„+i) w) = A + — , 

5ij is the Kronecker delta,and where A, p, p, lu, 9 is coefficients which characterizing 
medium, satisfying the conditions 

p > 0, 3A + 2^>0, p>0, (9 > 0, - > 0. 
The system (II . lb may be write in the following way: 

pAu + (A + p)graddivu — jgradgv + puj 2 u = 0, 
Av + ij-v + iuj-qdivu = 0, 

where U(x) = (u(x),v(x)). 

That system is elliptic. As, it characteristic matrix is 



x(0 



{a + p)^ n 



••• 1 

and for arbitrary real £ = £ n ) satisfying conditions E"=i £f = 1' we nave 

de*x(0 =M 2 (A + M) ^0 

Statement of the problem. Find a regular solution U of system d 1 - 1 b in the domain D 
using its Cauchy data on the surface S: 

(1.2) U(y) = f(y), R(d y ,v(y))U(y)=g(y), y e S, 

where R(d yi v(y)) is the stress operator, i.e., 



R{d y ,v(y)) = \\Rkj{dy,v(y),j)\\ {n+1)x{n+1) 



T = T(d y ,v) = \\T k] (d y ,v)\ lnxn . 



-7^2 

~Wn 

# 

av 



T k3 (d y ,v) = \v k -^- + p Vj (y) A + (p + A) S k i 



, k,j — 1, n, 
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u{y) = ■■■> l/ n(y)) is the unit outward normal vector on 3D at a point y, f = 

(/1 , . . . , fn+i) , g = (gi, ■ ■ - , 9n+i) are given continuous vector functions on S. 

2. Construction of the matrix Carleman and approximate solution for 

the domain type's cap 

It is well known, that any regular solution U (x) system ( 11.11 ) is specified by the formula 



(2.1) 



2U(x) = [*(x-y, u){R(d y , v{y))U{y))- 

JdD V 



-{R(d y , v(y)My - x, uj)}*U(y)j ds y , x e D, 

where symbol *— is denote of operation transposition, ^(y, x) matrix of fundamental so- 
lutions system equation of steady-state oscillations of the thermoelasticity: where 



= Il*ki(s.w)ll(n+l)x(t 



+1) 



V kj (x,u) = 53 



1=1 



( 5 d 2 
(1 - 4(„ + i))(l - 6 j{n+1) ) ^S nl - 



+ 



3 

, Z = 1,2,3; 53 ai = 0, 



exp(iA ; I x |) 



m = 



(-l)'(l- iuje- 1 \- l (S u + 6 2 i) S 3l 



2tt(A + 2/ 1 )(A|-A2) 

= (-l) l (Su + S 2l ) 
Pl 2 7 r(A + 2 j u)(Al-Af) 



2npui 2 



1=1 



1 = 1,2,3; = 0, 



z=i 



7! 



(-i)'(Aj i -fc;)(g lt + ^) 

27r(Ai - A?) 



, / = 1,2, 3; 53 7i = 0, k\ = P lo 2 {\ + 2/i)-\ 



/=i 



= ||* fe j-(x,a;)||( n+ i) X ( n+1 ),*fcj(a:,a;) = ^ k j{-x,w), 
T —iuifi 
—1UJV2 



R(d y ,u(y)) = 



—lUJV n 

#■ 



Definition. By f/ie Carleman matrix of problem ( 11.11 . ( 11.21 we mean an (n + 1) x (n + 

1) matrix II(j/, x, w, r) depending on the two points y, x and positive numerical number 
parameter r satisfying the following two conditions: 

1) U(y,x,u,r) = *(x - y,w) + G(y,x,r), 

where matrix G(y, x, r) satisfies system (ll.lt with respect to the variable y in the domain 
D, and ^(y, x) is a matrix of the fundamental solutions of system ( 11.11 ; 



(|II(j/, x, w, t)| + |i?(a a , i/)n(y, x, w, t)|) ds y < e(r), 
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where e(r) — > 0, as r — > oo; here | H | is the Euclidean norm of the matrix II = | ]IX» j||(n+i)x(n+i) 

i-e-, |H| = (EjSi n?,)'- 1" particular, \U\ = «&)) * . 

From the definition Karleman matrix it follows that 

Theorem 1. Any regular solution U(x) of system (II . lb in the domain D is specified by 
the formula 



(2.2) 



2U{x) = / (n(y,x,u>,T){R(d y ,v)U(y)}- 

JdD 



-{R(d y ,v)Il{y, x, w, r)}*f/(y))d Sa , jgR 

where II(y, x, w, r) is matrix Carleman. 

Using the matrix Carleman, easily conclude the estimate stability of solution of the 
problem dl.lt , (11.2b and also indicate effective method decision this problem as [6-8]. 

With a view to construct approximate solution of the problem dl.lt . (1 1 .2b we construct 
the following matrix: 



(2-3) IL(y,x,u)) = \\n k:j (y,x,uj)\\ (n+1)x{n+1) 

3 

U kj (y,x,uj) = ^2 



1=1 



(1 - 4(n +1 ))(l - -WD) - «*^7 



+/?/ ^«W?74(n+l)(l - ^(" +1 ))^T ~ 7^j'(n+l)(l - 4(n+l))^^^+4(ri+l)^(n+l)7i 



where 



(2.4) C^J^y,*,*) = / Im{ K i i ^+~ s + Vn) Mku)du 



i\Ju 2 + s + y n — x n \fu 2 + s 

ib(ku) — | u J°$ u )i n ^ TO ' TO ^1: j (w)-Bessel function of order zero, 
[ cos km, n = 2m+l, m > 1, w 

s = (yi - .xi) 2 + ... + (t/ n _i - x„_i) 2 , C 2 = 27r 



_ f (-1)" 1 • 2~ n (n- 2)ttw„(to- 2)!, n = 2m 
71 ~ \ (-l) m • 2"™(n - 2)ttcj„(to - 1)!, n = 2m + 1. 

if (w) , lu = u+iv (u, v are real), is an entire function taking real values on the real axis 
and satisfying the conditions K(u) ^ oo, \u\ < oo, K (u) ^ 0, sup | exp v 

V>1 

= M(p, u) < oo, p = 0, m, u £ R 1 . 
In work [4| proved. 

Lemma 1. For function <fr(y, x, k) the formula is valid 

C„$(y, as, k) = ip n (ikr) + g n (y, x, k), r = \y - x\, 

where tp n -fudamental solution Helmholtz equation, g n (y, x, k) is a regular function that 
is defined for all y and x satisfies Helmholtz equation: A(d y )g n — k 2 g n = 0. 
In ( 12.4b we assume the function K(lo) — exp(Tw). Then 



®(y,x,k) = § T (y-x,k), 
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(2.5) C n * T (y r^-f" 1 . r^[ CXpT{ ' V ^ + Vn ~ Xn) )^ ku)du 



= exp r(y n - x r , 



d 



m—l r°° 



Q s m-1 



I sill T^J ti^ ~\~ S 

"V u 2 + a 2 + (y„-x„) — ] 2p(ku)du, 



Vu 2 + . 



Cn^'riv -x,k) = exp r(y n - x n ) 







m-l r°° 



sin r-\/ u 2 + , 



Qm — 1 

CnK(y -x,k) = exp r(y n - x n ) ---—^tp^k, s) 



■ip(ku)du, 



0, 



t < k 



ip' T = ^ cos \J s{t 2 — k 2 ), n = 2m 

frJo(y/s(T 2 -k*)), T>k 

Now in formul (12.3b . and (12.41 ) to take $(?/, a;, k) = $ T (y — a;, fc), we construct matrix 
n(y,x,a;) = II(y,x,a;,r) 
From Lemma 1 we obtain. 

Lemma 2. 77?e matrix Tl(y, x,oj,t) given by d2.3l ) ant/ ( 12.41 ) is Carleman 's matrix for 
problem ( [TTT1 (TOl l. 

Proof. By ( 12.31 l. (I2.4l i and Lemma 1 we have 

U(y,x,(j,T) = V(y,x,u) + G(y,x,r), 

where 

G(y,x,r) = \\G kj {y,x,T)\\ , 



G kj (y,x,T) = 



1=1 



(i - 4(„ +1) )(i - <W)) - 



+ 



/ d d \ 

+Pi ]iwr)5 k ( n+1 ) (1 - (5,-( n+1 ))— - 7<5j-( n+ i)(l - + 



9n(y,x,ki,r), k,j = l,...,n + l 



By a straightforward calculation, we can verify that the matrix G(y, x, r) satisfies sys- 
tem ( 11.11 ) with respect to the variable y everywhere in D. By using J2.3I ), d2.4| ) and ( 12.51 ) 
we obtain 



(2.6) / ( 


n(y,x,w,r) 


+ 


R(d y ,u)U(y,x,uj,T) 


JdD\S V 









where Ci(a;) some bounded function inside 13. The lemma is thereby proved. 
Let us set 



(2.7) 2U T (x)= / [Il{y,x,uj,T){R(d y ,u)U(y)} - {R(d y ,n)Il{y,x,uj,T)}*U(y)}d Sv . 
Js 

The following theorem holds. 

Theorem 1. Le? L^(a:) be a regular solution of system dl.ll ) in £> 5mc/; f/iaf 
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(2.8) \U(y)\ + \R{d y ,v)U{y)\ < M, y e 8D\S. 

Then for r > 1 the following estimate is valid: 

\U(y) - U T (y)\ < MC 2 (x)T m exp(-TX n ). 
Proof. By formula (12.2b and ( 12.71 ). we have 



2\U(x)-U T (x)\ = / [Tl(y,x,u>,T){R(d y ,v)U(y)}-{R(d v ,v)Il(y,x,uj,T)}*U(y)]ds 

JdD\S 

Now on the basis of ( 12.6b and (12.81 ) we obtain required inequality. The theorem is thereby 
proved. 

Now we write out a result that allows us to calculate U (x) approximately if, instead of 
U(y) and R(d y , v)U{y), their continuous approximations fs(y) and gs(y) are given on the 
surface S: 

(2.9) ma X \f(y)-f s (y)\+mw\R(d y ,p)U(y)-g s (y)\<6, < 8 < 1. 



We define a function U T $(x) by setting 



(2.10) 2U tS (x) = I [U.{y,x,uj,T)g 5 {y)-{R{d y ,v)n{y,x,w,T)Yf s {y)]ds y , 
where 



s 



1 M 

r = — in— , x n = maxx n , x n > 0. 
x" 6 d 

Theorem 2. Let U(x) be a regular solution of system ( 11.11 ) in D satisfying condition 
. Then the following estimate is valid: 

\U(x)-U TS (x)\<C 3 {x)5^[ln—) , x (z D. 



S 



Proof. From formula (|2.2| i and (12.101 ) we have 



2(tf(a;) - U TS (x)) = / p(y,a:,a;,T){i2(5 w ,i/)^(|/) - g s (y)}- 



s 

v)TL(y, x, w, r)}* (C7(y) - 

By the assumption of the theorem and inequalities (12.61 ), ( 12.81 ) and (|2.9l l for the any x s D, 
we obtain 

- I7 T j(a;)| = C 2 (a;) ( 5T m expT(a ; ° -x„) +Ci(a;)T m exp(-Ta; n ) < 
< C 3 (x)r m (M + 5 exp r x° ) exp(-r x„). 
Now, it to take r = \ln^$-, then we obtain to proof theorem. The theorem is thereby 
proved. 

Theorem 3. Let U(x) be a regular solution of system ( 11.11 ) in D satisfying conditions 



THE CAUCHY PROBLEM FOR THE SYSTEM OF THE THERMOELASTICITY IN E 

\U(y)\ + \R(d v ,v)U(y)\ < M, y e dD\S, 
\U(y)\ + \R{d yi y)U{y)\ < 6, < 6 < 1, y e S. 

Then 

\U(x)\ < C 4 (x)S^ (ln( T ) 

where Ci(x) = C J dD ^ds y , C— constant depending on A, [i, ui. 
Proof. On the basis of Theorem 2 we obtain 

\U{x)\ < \U T (x)\ + MC 2 (x)T m exp(-r x n ). 
Next from the condition theorem and d2.31 >. ( 12.4b we obtain 



\2U tS (x)\ 



[U(y, x, u, T){R(d v , y)U{y)} - {R(d y ,v)U(y, x, u, r)}*(U(y) )] ds, 



< 



< / (\lJ(y,x,oj,r)\ + \R(d y , V )Il(y,x,uj,r)\) (\U(y)\ + \R{d y ,v)U{y)\) ds y < 



<5 / {\U(y,x,uj,T)\ + \R{d y ,iy)U(y,x,uj,T)\)ds y < C 3 (x)6T m exp(r x° n - r x n ). 
Js 

Then 

\U(x)\ < Ci(x)T m eyi-p(-T x n ){M + 8expTx°). 
Next if we take r = -^-In^-, then we obtain stability estimate: 

\U(x)\ < C 4 (x)5^ fin(y) 



The theorem is thereby proved. 

From proved above theorems we obtain 

Corollary 1. The limit relation 

lim U T (x) = U(x), lim U T $(x) = U(x) 

t— >oo 8— >0 

hold uniformly on each compact subset of D. 

3. REGULARIZATION OF SOLUTION OF THE PROBLEM CD] ), ( 11.2b FOR A DOMAIN OF 

CONE TYPE 

Let x — (xi, . . . , x n ) and y = (j/i, . . . , y n ) be points in E n , D p be a bounded simply 
connected domain in E n whose boundary consists of a cone surface 

£ : ax =T p y„, a\ =y\ + ... + y£_ l5 r p = y n > 0, p > 1 

and a smooth surface S, lying in the cone. Assume xo = (0, ...0, x n ) E D p . 
We constract Karleman matrix. In formula (12.3b . (12.4b to take 

K(u)=E p [r(u-x n )], t > 0, p>l. 

Then 



$(y,x,fc) = $ T (y-x,k),k > 
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(3.1) C n $ T {y-x,k) 



ds r 



Im 



-E p (r(iy/i 



& r (y-x,h) = 



i\Ju 2 + s + y n 
dr ' 



y n - x n )) ip(ku) du 
:„ \J u 2 + s 



C n <S>' r (y - x,k) 



d 



m — 1 



Im 



{ K [r(%Vi 



tin 



ip(ku) du 
V u 2 + s ' 



where E p (w)— Mittag-Loffer's a entire function 0. For the functions <fr T {y — x, k) 
holds Lemma 1 and Lemma 2. 

Now again to denote by U T (x), U T s(x) as ( 12.71 ) and (12. 1 01 >. Then holds analogical 
theorem as Theorem 1,2,3. 

For n = 3 we reduce entirely. 

Suppose that D p is bounded simple connected domain from E 3 with boundary consist- 
ing of part °f me surface of the cone 



2,2 2 



t97T> P > 1 ' ^3 > 0, 
2p 



and of a smooth portion of the surface S lying inside the cone. Assume xq = (0, 0, x 3 ) G 



D„ 



We construct Carleman's matrix. In formula ( 12.3b . ( 12.41 ) we take 



, EJtpw) cos kudu 

(3.2) $ T (y,x,fc) = — j— Im- 



4tt 2 E p (tpx 3 ) Jo Wu 2 + s + y 3 - x 3 \Ju 2 + . 



where w = iyvF+s + y 3 . For the functions $ r (y, x, k) holds Lemma 1. 

If follows from the properties of E p (w) that for y e £, < u < 00 the function 
$ T (j/, x, k) defined by (13.1b its gradient and second partial derivatives 

d 2 *Ay,x,k) 
oykoyj 

tend to zero as r — » 00 for a fixed x e D p . 

Then from d2.3l ) we find that the matrix H(y, x, cj, r) and its stresses R(d y , v)H(y, x, uj, r) 
also tend to zero as r — > 00 on y G E, i.e., II(y, 2, cj, t)— is the Carleman matrix for the 
domain D p and the part S of the boundary. 

For the U(x)— regular solution system (II. lb following integral formula holds 



2U(x) = / [n( 2/ ,x,Lj,r){i 1 '(^^)[/( 2 /)}-{i?(a y ,^n(y,x, W ,T)}*C/(y)]d S , 

JdD p 

By a; € £> p we denote U T (x) follows: 



(3.3) 2U T (x)= / [n{y,x,u,T){R{d y ,v)U(y)}-{R{d v ,v)n{y,x,u,T)yU(y)]ds y . 
Js 

The following theorem holds. 

Theorem 4. Let U(x) be a regular solution of system ( II. lb z'/i -Dp such that 



(3.4) + \R(d y , v)U{y)\ < M, y G S. 
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Then for r > 1 the following estimate is valid: 



\U(x ) - U T (x )\ < MC p {x )T 3 eM-rx p 3 ), 
where x = (0, 0, x 3 ) G D p , x 3 > 0, 

Cp(xo) = C p [ -\ds y , r = \y - xq\, C p - constant. 

Proof. By analogy with proved Theorem 2 and Theorem 3 from (13. 3t and ( 13.4b we 
obtain 



\U(x ) - U T (x \<M [\IL(y,x ,u,T)\ + \R(d y ,i/)IL(y, x ,u),r)\]ds v . 



By formula ( 13.21 ) we have following inequality: 

\$Ay,x,k)\ <C^E-\T7x^r- 1 , 
d$ T (y,x,k) 



Then from d2.3t 



9y% 

d 2 $ T (y,x,k) 



dykdy-j 



<C^TE- l 0x^)r- 
<C^T 2 E^{TTx 3 )r- 



\U(y,x,uj,T)\ < C^^E^i^x^r- 3 , 



\R{d y ,v)n{y,x,u,r)\ < C^r 3 E; l (T^x 3 )r- 
Therefore we obtain 



\U(x ) - U T (x )\ < MC p {x )T 3 eM-rx p 3 ), 



where 



1 



C p (xq) = Cp —ds y , tq = \y — xq\, C p — constant. 
The theorem is thereby proved. 

Suppose that instead of U(y) and R(d y , v)U(y) gives their continuous approximations 
f s (y) and g s (y) such that 

max \U(y) - fs(y)\ + max \T(d y , n)U{y) - g s {y)\ < 6, < 6 < 1. 
Define the function U T s(x) by 



2U tS (x) = / [U(y,x,uj,T)g s (y) - {R(d y ,v)U(y,x,uj,T)}*fs{y)}ds 



w 

The following theorem holds 

Theorem 5. Let U (x) is a regular solution of system dl.U in the domain D p satisfying 
the condition (13 .41 . then 

\U(x ) - U tS (x )\ < C p (x )6"(ln^) 3 , 
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where r = (T P R)-Pln?f, R p = maxRe(i^/s + y 3 ) p , 



?=(fr, c p (x ) = c p [ [1 + 1 




J 



The proof theorem is similar to those of Theorem 3 and 4. 
Corollary 2. 77?e //m/f relation 



T— ¥00 



lim £/ r (x) = U(x), 



lim U r s(x) = U(x) 



hold uniformly on each compact subset of D p . 
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